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Kirish

Matematika fani yoshlarning mantiqiy fikrlash qobiliyatini o‘stiruvchi vosita
sifatida gadimgi Yunoniston maktablarida o‘qgita boshlangan. Yangi era boshlarida
Xitoyda sonlar nazariyasi, Hindistonda o‘nli sanoq sistemasi, O‘rta Yer dengiz
sohillarida trigonometriya yaratila boshlangan. VII-VIII asrlardan boshlab ilm-fan
taraqqiyotining markazi O‘rta Osiyoga ko‘chdi. O‘z ilmiy ishlari bilan butun dunyoga
tanilgan Muhammad Muso al-Xorazmiy, Ahmad Farg‘oniy, Abu Rayhon Beruniy,
Abu Ali ibn Sino, Abu Nasr Forobiy, Ismoil Buxoriy, Umar Hayyom, Ulug‘bek va
boshgalar O°‘rta Osiyoda yashab ijod gilganlar.

ljobiy taffakkur sohibini, ya’ni o‘sayotgan, rivojlanayotgan va taraqqiyot sari yuz
tutayotgan mamlakatimiz uchun zarur bo‘lgan ijodkor va mustaqil fikrlay oladigan
shaxsni tarbiyalab, voyaga yetkazish oldimizda turgan eng muhim va dolzarb vazifa
hisoblanadi.

Bir necha nostandart mulohazalar yordamida yechiladigan tenglama va
tengsizliklar murakkab masalalar hisoblanadi. Bunday masalalarga modul va logarifm
gatnashgan hamda Nyuton binomiga doir masalalarni aytish mumkin.

Matematikaning turli bo‘limlariga taalugli murakkab masalalarni yechishda
ko‘pincha matematik induksiya usulidan ham foydalaniladi. Shuningdek, masalalar
yechishning nostandart usullari umumta’lim maktablar dasturiga Kkiritilmaganligi
sababli umumta’lim maktablarda klassik tengsizliklardan foydalanib yechiladigan
masalalarga kam e’tibor beriladi. Shuning uchun klassik tengsizliklar, n-darajali
Nyuton binomi, modul hamda logarifmga taalugli ba’zi formulalar va ular yordamida
yechiladigan 50 tadan ortiq masalani (yechimlari bilan) keltirishni lozim topdik.

Ko‘rsatkichli, logarifmik tenglamalar va tengsizliklarni o‘rganish usullari nomli
uslubiy ko‘rsatma akademik litsey, o‘rta maktab o‘quvchilari va o‘qituvchilari
foydalanishlari mumkin.,

Bu uslubiy ko‘rsatma matematikani chuqurlashtirish va murakkab tadbiqiy

masalalarni yechishga katta yordam beradi.



1. Ko‘rsatkichli va logarifmik tenglamalar
1.1. 6* — 2* = 32 tenglamani yeching.
Yechish. Tenglamani oddiy usulda yechish ko‘zlangan maqsadni bermaydi.

Tanlash yo‘li bilan x; = 2 ni osongina topish mumkin. Berilgan tenglamaning ikkala
tomonini 2* ga bo‘lib, 3* — 1 = z—i tenglamani hosil gilish mumkin. Uning chap
tomoni o‘suvchi va o‘ng tomoni kamayuvchi bo‘lib, bu tenglama yagona ildizga ega
bo‘ladi.

1.2. 9% + 6% = 22**1 tenglamani yeching.

Yechish. Berilgan tenglamani unga teng kuchli bo‘lgan: (3%)% + (2*)(3%) —

2(2%)% = 0 ko‘rinishda yozish mumkin. Uning ikkala tomonini (2*)? ga bo‘lib, va

X
(g) = u almashtirish yordamida ildizlari w, = 1,u; = —2 bo‘lgan u? + u — 2 = 0

X
kvadrat tenglamani hosil gilish mumkin.u > 0 bo‘lib, (%) =1vax, = 0.

1.3. x**1 + x* = 1 tenglamani yeching.

Yechish.Tenglama ikki tomonini logarifmlab unga teng kuchli: f(x)=xIn x+In(x +

1)=0 tenglamani garaymiz. 0<x<§ bo‘lganda,
In(x + 1) <x,
X-Inx+In(x + 1)<x: In x+x=x- In f
1 [4 ! —_ 1 — 1 -

x> bo‘lsa, u holda ¢'(X)=In x+l+m—ln(xe)+m>0. Demak, f(x) funksiya x>0
da monoton o‘suvchi, ya’ni tenglama bittadan ko‘p bo‘lmagan ildizga ega va bu
ildizning taqribiy giymati 0,43605.

X X
1. ( 2+ \/§) + ( 2 — \/§) = 4 tenglamani yeching.

X X
Yechish. (\/2 + \/§) : ( 2 — \/§) = 1 bo‘lib, birinchi qo‘shiluvchi y bo‘lsa, u
holda ikkinchi go‘shiluvchi i bo‘lib, berilgan tenglama y + % = 4 Ko‘rinishni oladi va

natijada, ildizlari y; =2 ++/3 hamda y, =2 —+/3 bo‘lgan y?+4y+1=0

tenglama hosil bo‘ladi.



X X X
( 2+\/§) =yteng|ikdan( 2+\/§) = 2+\/§Va( 2+\/§) =2-3=
(2 +v3) ™" tenglamalarni hosil gilish mumkin.

Birinchi tenglamadan x; = 2, ikkinchisidan esa x, = —2 bo‘ladi.

x—1
1.5. 5 -8 x = 500 tenglamani yeching.
Yechish. Berilgan tenglamaning ikkala tomonini 5 asosga ko‘ra logarifmlab:

x—1
x+3

. logs2 =3+ 2logs 2,

x% + x(logs 2 — 3) —3logs 2 = 0,
x; = 3;x, = logs 2

1.6. Quyidagi tenglamani yeching.

(26 +15V3)" —5(7+4v3) +6(2+v3) + (2-V3)" =5.

Yechish. (2++v3)" =y belgilash yordamida (26+15v3) =3, (7+
4\/§)x =y% (2+ \/§)x = % tengliklarni hosil gilish mumkin va berilgan tenglama
y* —5y3 + 6y% — 5y + 1 = 0 () ko‘rinishni oladi.

y # 0 bo‘lib, tenglamaning ikkala tomonini y? ga bo‘lib, hamda y+% =z
almashtirish yordamida

y2—5y+6—§+3%=0, (y2+y—12)—5(y+§)+6=0, (22 —2)—5z+
6 = 6 yoki z2 — 5z + 4 = 0 tenglamani hosil gilish mumkin, z, =1, z, = 4, z=
y+ iVa y > 0 .U holda Koshi (3) tengsizligiga kora: z > 2

Demak, z = 4,y+%= 4yokiy? —4y +1=0Dbolib,y; =2++3vay, =2—
\/§ - 2+1\/§'

Demak, x; = 1vax, = —1.

1.7. 4* — (7 — x)2* + 12 — 4x = 0 tenglamani yeching.

Yechish. Berilgan tenglama 2* ga nisbatan kvadrat tenglama bo‘lib uning ildizlari:

ox _ 7-x+/(7-x)2—4(12-4x) _ 7—xtVxZ42x+1  7-xk|x+1]  7-x+(x+1)
(2%)12 = . = > = =

bo‘ladi.



7—x+(x+1) 7—x—(x+1)

2

birinchi tenglamadan x; = 2, ikkinchi tenglama esa bittadan ko‘p ildizga ega emas.

Bundan 2* = =4va 2* = = 3 — x tenglamalarni hosil qilib,

Chunki uning chap tomoni uzluksiz o‘suvchi o‘ng tomoni esa uzluksiz kamayuvchi

funksiya. Tanlash usuli bilan x, = 1 ni topish mumkin,

X

1.8. G)xﬂ + (%)x —V2- (g) = 1 tenglamani yeching.

Yechish. Berilgan tenglamani quyidagicha shakl almashtirish mumkin:

LG O T o

G660 (@ -7 G)-

(7 @ )G
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bo°lib, (x) tenglamadan - (ﬁ)x — 1 =0 yoki (%)x - (%)_1. Bundan x, =

3 ) () @ (5 ()

X

—1.
1
19.x-2x + i - 2% = 4 tenglamani yeching.

Yechish. Tenglamaning o‘ng tomoni musbat, u holda x > 0 bo‘lib, Koshi (2) va

(3) tengsizliklariga ko‘ra:

11 1\ /1 1
e L2z (). (1) 2o 227 -

X

Bundan va berilgan tenglamadan hamda go‘llanilgan Koshi tengsizliklariga

1

1 1
X2x = = 2x,
asosan: { X bo‘lib, u yagona: x; =1 ildizga ega. x; =1 ni berilgan
x+-=2
X

tenglamaga qo‘yib tekshirib ko‘rib uning berilgan tenglama ildizi ekanligiga ishonch



hosil gilish mumkin.

1
xZ+1

1.10. 21 — 1 = x2 + tenglamani yeching.

1

Yechish. Berilgan tenglamani 2= = x2 + 1 + o

(*) ko‘rinishda yozib x > 0

bo‘Iganligidan (*) tenglama chap tomoni uchun 21~*I < 2 bo‘lib, o‘ng tomoni uchun
1
x2+1

Demak, (*) tengsizlizligidagi tenglik uning ikkala tomoni ham 2 ga yoki x; = 0

= 2.

Koshi (3) tengsizligiga ko‘ra: x% + 1 +

bo‘lganda o‘rinli bo‘ladi.

1.11. 1x—4 = (;)logx4 tenglamani yeching.

Yechish. Berilgan tenglamaning aniglanish sohasi: x > 0vax # 1

Tenglamaning ikkala gismini x asosga ko‘ra logarifmlab: log, x —log, 14 =
log, 4 - logx% yoki

1—log,2—log,7 =2log,2-(log, 2 —log,7) (%)

tenglamani hosil gilish mumkin.

log,2 =a va log,7 =b belgilash yordamida (*) tenglamani 1—a—b =
2a(a—b) yoki 2a? —a(2b—1)+b—1=0 Kko‘rinishida yozib hamda uni a

o°‘zgaruvchiga nisbatan yechib,

2b—1+,/2b—-1)2—-8(b—1) 2b—1+(2b-3)
4 B 4
tengliklarga ega bo‘lish mumkin.

Bunda ikki hol bo‘ladi:

A1 =

1. Agar @ = =" =h —1 bo‘lsa, log, 2 =log, 7 — 1 bo‘lib, log,~ = 1

yoki x; = Z bo*ladi.

2b-1+2b+3 _

2. Agara = —Y = % bo‘lsa, log, 2 = % Vx = 2 yoki x, = 4 bo‘ladi.

1.12. xv1ogx5 4 xV1ogs x = 2./5 tenglamani yeching.
Yechish. Tenglamaning aniglanish sohasi x > 1. Logarifmning xossasidan

foydalanib:



log, 5

xV108x5 — y/logx 5 — ylogy5/logsx — (xlogxs)vl°g5x — 5y/logs x

tenglikni hosil gilish mumkin.
Demak, berilgan tenglama 5VI1°8s* =+/5 tenglamaga teng kuchli bo‘lib,
Jd1ogs x = %,logsx = %Va x; = V5.

Eslatma. Ushbu tenglamani yechishda logarifmning yana bir yuqgori sinf

o‘quvchilari uchun foydali bo‘lgan xossasidan foydalanildi.

Agara > 1,b > 1 bo‘lsa, u holda aV1°8a? = pv1°8» @ tenglik o*rinli bo*ladi. Ushbu

tenglikni isbotlash uchun tenglikning ikkala tomonini b asosga ko‘ra logarifmlash

. o 1 )
yetarli: \/log, b - log, a =./log, a bo‘lib, \/log, b = Tona u holda:
1
J91og, b -log,a = m-logb a = /log, a.

1.13. 418% — 32 + x!9% = 0 tenglamani yeching.

Yechish. Tenglamaning aniglanish sohasi x > 0 va x # 1 bo‘lib, (17) formulaga
ko‘ra berilgan tenglama ~ 418* — 32 + 419% = ( yoki 4!9* = 16 ko‘rinishni oladi va
lgx = 2 yoki x; = 100 bo‘ladi.

1.1 41083(1=%) = (2x2 + 2x + 5)1°832 tenglamani yeching.

Yechish. Tenglamaning aniglanish sohasi x < 1.

Logarifmning xossalariga ko‘ra: 41083(1=%) = plogs(2x*+2x+5) y ki p2logs(1-x) —
210g3(2x2+2x+5)

Bundan quyidagilarni hosil gilish mumkin:

2log;(1 — x) =log3(2x% + 2x + 5),
(1—x)%2 =2x%+2x +5,
(1—x)?>=2x%+2x+5,

x> —=2x+4+1=2x%*+2x+5,

x2+4x+4=0 yoki (x+2)?2=0

Demak, berilgan tenglama x; = —2 ildizga ega.

1.15. 31gx? — lg?(—x) = 9 tenglamani yeching.

Yechish. Tenglamaning aniglanish sohasi x < 0 tengsizlik bilan aniglanadi.
8



Logarifmlash goidalariga ko‘ra: 6lg|x| —1g?(—x) = 9 bo‘lib, x < 0 bo‘lganligi
uchun
6lg(—x) — lg?(—x) =9
(Ig(—x) — 3)%? = 0, 1g(—x) = 3 yoki x; = —1000.
1.16. 1g(x + 10) + %lgxz = 2 — lg4 tenglamani yeching.

Yechish. Tenglamaning aniglanish sohasi x+0 va x> —10 shartni

ganoatlantiradi ‘2 = Ig|x| tenglikdan foydalanib berilgan tenglama lg(x + 10) +

lglx| + lg4 = 2 ko‘rinishga kelib logarifmning xossalariga asosan:
lg(I1x] - (x + 10)) = 2yoki 4|x| - (x + 10) = 100) (%)
bo‘lib, bunda ikki hol bo‘lishi mumkin:
x > 0 bo‘lsin, u holda |x| = x bo‘lib, (*) tenglama
4x(x +10) = 100 yoki x2 + 10x — 25 =0
Ko‘rinishni oladi va ildizlari x; , = =5 + 5v/2.
Demak, x > 0 bo‘lganda berilgan tenglamaning ildizi
x; = 5v2 — 5.
—10 < x < 0 bo‘lsin, u holda |x| = —x bo‘lib, (*) tenglama
—4x(x +10) = 100 yoki x2 + 10x +25=0, (x +5)> =0
ko‘rinishga keladi va x, = —5.
1.17. log,(1 + Vx* + x2) + log, (1 + 2x2) = 0 tenglamani yeching.
Yechish. Vx* + x2 > 0 va x2 > 0 bo‘lganligidan:
T+Vxt+x2>1val+2x22>1
tenglik doim o‘rinli bo‘ladi. U holda: log,(1 + vx* +x2) = 0 va log,(1 +
2x?) = 0 natijada, quyidagi tengsizlik o‘rinli bo‘ladi
logz(1 4+ Vx* + x2) + log,(1 + 2x2) > 1.

logo(1+Vx*+x2)=0

bo‘lib, berilgan
log,(1+2x%) =0

Bundan va berilgan tenglamadan: {

tenglama yagona x; = 0 ildizga ega.

1.18. Quyidagi tenglamani yeching.



llog,(2x + 7)| = log,(1 + |x + 3|) +log,(1 — |[x + 3|)

2x+7>0,

1—|x+3>0 tengsizliklar sistemasi

Yechish. Tenglamaning aniglanish sohasi {

yordamida aniglanadi, ya’ni —3,5 < x < —2.

Berilgan tenglamaning chap tomoni nomanfiy bo‘lib, o‘ng tomonini quyidagicha

baholash mumkin:
log,(1+ [x + 3|) +1og,(1 — |x + 3|) =

=log,(1 — (x + 3)?) <log,1 = 0.

Natijada, berilgan tenglama uning ikkala tomoni ham 0 ga teng bo‘lgandagina
o‘rinli bo‘ladi.

{ log,(2x +7) =0,
log,(1— (x +3)%) =0.

Demak, x; = —3 bo‘lib, o°zgaruvchining bu giymatini berilgan tenglamaga qo‘yib
x; = —3 haqgigatan berilgan tenglamaning ildizi ekanligiga ishonch hosil gilish
mumkin.

1.19. log z(x + |x — 2[) = log,(5x — 6 + 5[x — 2) tenglamani yeching.

Yechish. Berilgan tenglamada x > 0, x # 1

u =x+ |x+ 2| belgilash yordamida log zu = log,(5u —6) yoki log,u? =
log (5u—6) (bu yerda u > S) va undan ildizlari u; = 2,u = 3 bo‘lgan u? — 5x +
6 = 0 tenglamani hosil gilish mumkin,

u =x+ |x — 2| bo‘lganligi uchun: x + [x — 2| =2 bo‘lsin. Agar 0 <x <1
yoki 1 < x < 2 bo‘lsa, uholda |x — 2| = —x + 2 bo‘lib, bu tenglik doim to‘g‘ri, ya’ni
x+(—x+2)=2.

x + |x — 2| = 3 bo‘lsin. Bu tenglamaning yagona x, = % ildizini osongina topish
mumekin.

Demak, berilgan tenglama 0 < x <1 va 1 < x < 2 oraliglar hamda x, =§ da

o‘rinli ekan.
1.20. logsx + (x — 1) -log, x + 2x — 6 = 0 tenglamani yeching.
Yechish. Ushbu tenglama log, x ga nisbatan kvadrat tenglama bo‘lib,

10



—x+1+/(x-12-4Q2x—-6) —x+1+vVx2—-10x+25

] =
(log, x)1,2 > >
_—x+1x(x-5)
B 2
Agar log, x = = = —2 bo‘lsa, x; = ; bo*ladi.
Agar log, x = %ﬂﬁs = 3 —x bo‘lsa, u holda log, x =3 — x (x) tenglama
hosil bo‘ladi.

u = log, x funksiya o°zining aniglanish sohasida uzluksiz va o‘suvchi bo‘lib, v =
3 — x funksiya esa uzluksiz va kamayuvchidir.

Demak, (*) tenglama bittadan ko‘p bo‘lmagan ildizga ega. Tanlash yo‘li bilan bu
ildiz x, = 2 ekanligini osongina topish tmumkin.

1
Javob: x; = Jvax, = 2.

1.21.log,2(x? — 12) — log_, v/2 — x = 1 tenglamani yeching.
Yechish. Tenglamaning aniglanish sohasi x < 0 va x # —1.

x < 0 shartdan va logarifm xossalaridan foydalanib:

log), (x* +12) —log_,(2 — x) = 2,

x%4+12

log_,(x?+12) —log_,(2 —x) = 2, log_, — =2,
2
%zxz yoki x3 —x2 + 12 =0,

(x+2)(x*—3x+6)=0vax?—3x+6>0
bo‘lganligi uchun berilgan tenglama yagona x; = —2 ildizga ega.

2—4-1o 2 lo 8—x
1.2 8124 _ 86 ( )

" logi2(x+2) = Tog. (x32) tenglamani yeching.

Yechish. Tenglamaning aniglanish sohasi —2 < x < 8 vax # —1.

logg f(x) _ logp f(x) i . . 1

og. 900) — Togs 90 tenglik ixtiyoriy 1 dan farqli musbat a va b sonlar uchun o‘rinli
bo‘ladi.

Bu tenglikdan foydalanib berilgan tenglamani

log129 4 _ log12(8—x)
loglz(x+2) loglz(x+2)’

logy,9 —logi,(x + 2) = log1,(8 — x),
11



(x+2)(8—x)=9yokix?+6x—7=0

ko‘rinishda yozish mumkin.

Bu tenglamaing ildizlari x; =7 va x, = —=1. Ammo 2<x<8 va x # —1
bo‘lganligidan berilgan tenglama yagona x; = 7 ildizga ega.

1.23. x = 1g(9x + 1) tenglamani yeching.

Yechish. Tenglama manfiy ildizlarga ega emasligi ko‘rinib turibdi, x; = 0 esa
ildizi bo‘ladi.

Berilgan tenglamani 10* = 1 4+ 9x yoki (1 +9)* =1 + 9x Ko‘rinishda yozib
olib, Bernulli (6) tengsizligiga ko‘ra, ixtiyoriy n-natural soni uchun (1 +x)*>1+
nx tengsizlik o‘rinli bo‘lib, tenglik n = 1 bo‘lganda bajariladi, ya’ni (1 +9)* =1+
9x tenglama yagona musbat x, = 1 butun ildizga ega.

Demak, x; = 0vax, = 1.
Mustaqil yechish uchun misollar

Tenglamalarni yeching.

1. /2%?-2x-10=/33 4+ 128 — 1, {—3;5}:

2. 32x2 —2. 3x2+x+6 + 32x+12 — {—2;3};

3. 2Vx - 4% + 52X 4 24/x = 22%+2 4 5\/x2¥ + 4, {2;4};

\/1+10gx\/ﬁ-log3x+1 =0, X:%;

5.log,(x + 1)? +log,(x + 1) = 6, {-5;3};

1 2 10g1/4 (4‘_x)
" logg (3+x) log, (3+x)

=1, x=3;

7. (log, c)losp loga®x log, ¢ = log, ac ((log, x)'°8»1°8a¢)(1) a#c,0 <a #
1,0<bhb#1,0<c#1bo‘lsa,uholdax; =a,x, =a?’2)0<a=c#1,0<b#1
bo‘lsa, u holda 0< x # 1,ya’ni 1 dan boshga barcha musbat sonlar)

8. i/l + lgtgx + i/l —lgtgx = 2, X=%+ k,k € Z;

1+a?
2a

1—a2)x 11 = (

2a

9. (

), X=2,

12



10. ax + bx = m(ab)x,a = 0,b = 0 1) a=b=0,x> 0; 2) a=0,b> 0 b=0,a> 0,0; 3)

a=z0,b=0,a>0,b>0m>?2

X = lga-lgb
"~ 1g(m+vmZ—m)-1g2

;4) a=b> 0,m = 2 x# 0);

1 1 1 1
Ust5=753 ¥——Xm
4x 6x 9x log3/zT
1
12. 2% — 3% = V6* — 9xx1 =0, Xy = m;
—log;

x—1
13.16 = 5 = 100, {—2logs2;2};

log, x _ logg4x {1 . }
logs 2x  logie8x’ l16” =)

3x2+11x+6

3+
15. x% log, 1—0x — x? log1/ (2 +3x) = x?—4+2log ;3 —, {1;2};

16. 10VW9% 4 xVlogx10 = 200, x=10%
2. Ko‘rsatkichli va logarifmik tengsizliklar

2.1. 14+ 9% + 16* < 3* + 4* 4 12~ tengsizlikni yeching.

Yechish. 3* = a va 4* = b almashtirishlar yordamida berilgan tengsizliklarni 1 +
a’?+b><a+b+ab yoki a?+b?—ab—a—b+1<0 Kko‘rinishda Yyozish
mumekin.

Oxirgi tengsizlikni 2 ga ko‘paytirib, so‘ngra chap tomonida to‘la kvadratlar ajratish
mumkin .U holda:

2a° +2b%>—2ab—-2a—-2b+2<0,

(a?=2ab+b®)+(a?>—2a+1)+B*-2b+1)<0

yoki

(a=b)>+(a—1)?+ (b—1)2 <0 (x) bolib, (a> + b?) =0, (a—1)2=>0va
(b — 1)? = 0 tengsizliklardan (x) tengsizlika —b =0,a—1=0vab — 1 = 0 yoki
a=1vab =1bo‘lib, 3* = 4* ya’ni x = 0 bo‘ladi.

Eslatma. Tengsizlikni yechish jarayonida ixtiyoriy X va y o‘zgaruvchilar uchun

x?+vy%—xy—x—1vy+ 1= 0tengsizlik o‘rinli bo‘lishi ham ishotlandi.
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2.2. logix = 16* tengsizlikni yeching.
2
Yechish. Quyidagicha go‘shimcha tenglamani garaymiz log: x = 16* (*) bunda,
2

O<x<1.
f(x) =logix va g(x) = 16* bo‘lsin. u = f(x) o‘zining aniglanish sohasida
2
uzluksiz va kamayuvchi v = g(x) esa uzluksiz o‘suvchi bo‘lib (*) tenglama bittadan
ko‘p ildizga ega bo‘lolmaydi.Tanlash yo‘li bilan bu ildiz x; =i ekanligini ko‘rish
mumekin.
L 1 : 1 1 L
Yugoridagilardan (0; Z] oraligda f(x) = f(Z) =g (Z) > g(x) tengsizlikni
yozish mumkin.
Demak, log: x = 16* tengsizlik 0 < x < i bo‘lganda o‘rinli bo‘ladi.
2

5x 3

23.1x + 11 2*2< 1 tengsizlikni yeching.

Yechish. Ma’lumki, [X+1 |# 1. Agar 0<|x+1|< 1, ya'ni =2 < x < —1 yoki
—1 < x < 0 bo‘lsa, u holda:

x? —57x+§> 0 vax> 1,5 yoki x< 1

bo‘ladi.

Demak, berilgan tengsizlik garalayotgan oraligda doim bajariladi.

Agar [x+1 |> 1, ya’ni x> 0 yoki X< —2 bo‘lsa, u holda: x? — 57x +§ < 0yokil <

x < bo‘lib, bu holda berilgan tengsizlik 1 < x <2 shartda bajariladi.

Javob. -2 < x < —-1,-1<x<0,1<x <15
2. logi(log,(log,_1 9)) > 0 tengsizlikni yeching.
2

Yechish. Tengsizlikda x- o‘zgaruvchining gabul gilishi mumkin bo‘lgan giymatlari
1<x<Z2vax>2

Berilan tengsizlikni unga teng kuchli bo‘lgan tengsizliklarga quyidagicha
almashtirish mumkin:

logz1(log,(logy—19)) > 0,
2

0 <log,(log,_19) <1,
14



1<log,_19<2,

% <log,_13 <1,

1
logz(x—1)

1< ,
Oxirgi tengsizlikdan 1 <log;(x —1) < 2,3 <x—-1<9va4 < x < 10.
Tengsizlikning aniglanish sohasini inobatga olib (4;10) berilgan tengsizlikning

yechimi bo‘lishini ko‘rish mumkin.

2.5. x292 . 2=18x < 2 tengsizlikni yeching.
Yechish. Tengsizlikning aniglanish sohasi x > 0. (17) formulaga ko‘ra: x'92 =

218% ho‘lib, u holda (2'9%)? - 218X < 2 219% < 2 Igx < 1, x < 10. Aniglanish sohasi

inobatga olinsa tangsizlikning yechimi 0 < x < 10 bo‘ladi.
2.6. logzs_xz(W) > 1 tengsizlikni yeching.

16

Yechish. Berilgan tengsizlikning aniglanish sohasi:
25—x2 25—x2
{ 6 L yoki { 0< 16 L
24 —2x—x%2>0 24—2x—x2>0
tengsizliklar sistemalari bilan aniglanadi.

—3<x<3
—-6<x<

—5<x <5, -5 < x <5,
Ikkinchi sistemadan esa: { x < —3, Yyoki x>3, bolib-5<x<-3
—-6<x< —-6<x<

Birinchi sistemadan { ’bo‘lib, —3 < x < 3 bo‘ladi.

yoki 3< x < 4 bo‘ladi.
Shunday qilib, berilgan tengsizlikning aniglanish sohasi quyidagi uchta oraligdan
iborat:
—5<x<-3-3<x<33<x<
Agar —3 < x < 3 bo‘lsa, u holda:
24 — 2x — x? - 25 — x?
14 - 16 '
-17<x < 1.

bo‘lib, tengsizlikning aniglanish sohasini hisobga olsak, —3 < x < 1 bo‘ladi.

Agar =5 < x < 3 yoki 3< x < 4 bo‘lsa, u holda hosil bo‘lgan (x+17)(x-1)= 0
15



tengsizlikdan x> 1 yoki x< —17 bo‘lib, aniglanish sohasini hisobga olsak, 3< x < 4
bo‘ladi.

Javob.—3<x <1,3<x<

2.7.10g ;5,3(2 — |x — 1) > log ;75(2x — x?) tengsizlikni yeching.

2—|x—1/>0

5 sistemadan topiladi.
2x — x>0

Yechish. Tengsizlikning aniglanish sohasi {

Bundan 0 < x < 2.

Demak, -1 <x —1 < 1yoki|x —1| <1.

2 —|x—1] > 1 tengsizlik berilgan tengsizlikning aniglanish sohasida to‘g‘ri
bo‘lib, uni V2 + V3 asosga ko‘ra logarifmlab: log /3, (2 — |x — 1) > 0 tengsizlikni
hosil gilish mumkin.

Bundan: 0 < 2x —x%=1—(x —1)? <1 bo‘lib, v/10 > 1 bo‘lganligi uchun
log 15(2x — x*) < 0 bo‘ladi.

Shunday qilib,

log 3, 3(2 — |x — 1]) > 0 valog jr5(2x — x*) < 0

tengsizliklar berilgan tengsizlik aniglanish sohasiga tegishli barcha x lar uchun
o‘rinli bo‘ladi, ya’ni berilgan tengsizlikning yechimi 0 < x < 2 bo‘ladi.

2.8. 0< b < a shartni ganoatlantiruvchi a va b sonlari uchun quyidagi tengsizlikni

isbotlang

a—-b

m>?2 .
b a+b

Yechish. 0 < b < a shartdan a = bk va k > 1 bo‘lib, berilgan tengsizlikni
quyidagi ko‘rinishda yozish mumkin:

ln—>2—;, lnk>2% (%)

x > 1Dbo‘lganda f(x) =Ilnx — Zi—: funksiyani tahlil gilamiz. f(1) = 0.

yo_ 14 (x-1)?
x>1daf'y = x  (x+1)2  (x+1)2

> 0 bo‘lib, bu oraliqda f (x) funksiya o‘suvchi
bo‘ladi.
Demak, f(x) > f(1) = 0 bo‘lib, Inx > 2= bo‘ladi, ya'ni (+) tengsizlik va

berilgan tengsizlik to‘g‘ri ekan.
16



2.9. log,, 19 > log,4 20 tengsizlikni isbotlang.

Yechish. Berilgan tengsizlikni isbotlash uchun iz?—gig<1 yoki log,917 -
17

log,9 20 < 1 tengsizlikni isbotlash kifoya. Koshi (2) tengsizligiga asosan:
2
log,9 171081920 < ( =

l0g1920 +logy917 ,  logy9340\°  (logo361
2 ) =( 2 ) <( 2 )

Chunki, u = log,¢ x funksiya x > 0 da o‘suvchi va log,4 340 < log,4 361.

2.10.1g(n + 1) >

lg1+lgzn+"'+lgn tengsizlikni isbotlang.

Yechish. Logarifmning xossalariga ko‘ra: (n + 1)™ > n! bo‘lib, bu yerdan! =1 -
2-..-mvan = 1.

Ma’lumki, n+1>1, n+1>2, n+1>3, ....., n+1>n bo‘lib, ularni
ko‘paytirish natijasida (n + 1)™ > n! tengsizlikni hosil gilish mumkin.

12.11. Musbat x;,x,,:+,x, sonlari uchun x;x,---x, =1 tenglik bajarilsa,
quyidagi tengsizlikni isbotlang

A L N S )

Yechish. Berilgan tengsizlik chap tomonining o‘nli logarifmi uchun Koshi (1) va
Koshi-Bunyakovskiy (9) tengsizliklaridan foydalanib:

lg(xi‘gx1 + xé‘gx2+...+x,llgx") >

M lgxg | lgxs Clgxn )
lg<n \/xl X, o Xy =

1
= lgn + — (lg%x; + lg?xy+...+1g?x,) =

1
= lgn + = <12 + 124+ 12> - (lg?x; +1g%x, + -+ 1g%xy) =

n
> lgn + %(1 lgx, +1-lgxy+...+1-1gx,)? = lgn + % 1g?(x1x5 ... Xp)
ni hosil gilish mumkin. Shartga ko‘ra, x; x5 ....x, = 1 bo‘lib, u holda:
lgn + % lg?(xyx5 ... x,) = lgn + n—lzlgzl =Ilgn+ 0 =1gn.
Demak, lg(x.9™ + x29+...+x.9"") = 1gn bo‘lib, berilgan tengsizlikning
to‘griligi kelib chigadi.
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Mustagqil yechish uchun misollar.

1 4x? + 3% 4 - 3% < 2223 4 2x + 6 0< x <logy*2, x>

2, (%)(x""z’c”lf/2 <2*1l x<—1,0<x<1,x>1;

3. 41HVx 4 3. 280K < 22 x> 4

(4% —1)2 4+ 2¥+1(4* —1) < 8-4%,  log,(v/5—2) < x <log,(1 +/2);

x—1
5. (V542 1> H5—-2)1, —2<x—-1, x>1;
6.log,_,(x+2)log,;3(3—x)<0, —-2<x<-1;, 1<x<2;

log 2, .(x+1)-log 2, .(x%2+1)
,—x 43 - — <2, 0<x<Lix>1;
log,2, ;(x+2)-log,2 ;(x“+2)

1 1
+
log,2_;(x2-8x+16) ' log,2_;4(x2+8x+16)

—V17;, V17 <x < —4;4 <x <V17;v17 < x < 5;

9.log, log; i—: < log% loggﬁ, X> 2;

10. (Igx + 1)? < /lgx({Jlgx + 1)?, @;

9++/33

9
<Z X< ;—h<x <

3. Ko‘rsatkichli va logarifmik sistemalar

3.1. Quyidagi sistemani yeching:

log, xlog,(x — 3y) = 2,
X ylogxy — y5/2_

Yechish. Ingleog;z bo‘lganligidan  sistemaning birinchi  tenglamasi

log, (x—3y)
log, 2

log,(x — 3y) = 2log, 2 bo‘lib, x — 3y = 4 bo‘ladi.

= 2 yoki

Sistema ikkinchi tenglamasining ikkala tomonini x asosga ko‘ra logarifmlab:

log,(x * y'°&¥) = log, y /2,

18



) 5
1+log,"y = Elogxy,
ZIogxzy —5log,y+2=0.
log,y=2valog,y = % yoki y=x2 va x=y2 mos ravishda 3x? —x+4 =0 va

y? —3y —4 =0 tenglamalarni hosil gilish mumkin.Birinchi tenglama hagigiy
ildizlarga ega emas,ikkinchi tenglamaning musbat ildizi y=4 bo‘lib, u holda: x=2
bo‘ladi.

3.2. Quyidagi sistemani yeching:

{(xy)y X% =y*
x?y=1

Yechish. x; = 1 va y = 1 berilgan tenglamalar sistemasining ildizlari ekanligini
osongina tekshirib ko‘rish mumkin.x=1 bo‘lsin, u holda sistemaning birinchi
tenglamasini x asosga ko‘ra logarifmlab:

y -log,(x) + 6xlog, x = xlog, y

yoki

y(1+log,y) +6x =xlog,y (*)

tenglikni hosil gilish mumkin.

Ikkinchi tenglamani ham x asosga ko‘ra logarifmlab: 2 +log,y = 0 yoki
log, y = —2 tenglikni hosil gilib va () tenglikdan: y = 8x bo‘ladi.

log, y = —2 tenglikdan y = xiz 8x = x—12Va X, =

N |

Shunday qilib, berilgan sistema yechimlari (1;1) Va( ;4). x; =1,y =1vax, =

N|R

%’ V2 =
3.3. Quyidagi sistemani yeching:
{3 (2 log,2 x —log1 y) = 10,
Xy = 81).6
Yechish. Sistemaning birinchi tenglamasida x asosga ko‘ra logarifmga

o‘tib,quyidagi tenglamani hosil gilish mumkin:

1
| )=10
19




log, y = a almashtirish yordamida ildizlaria;, = 3 vaa, = § bo‘lgan

3a2 —10a + 3 = 0.

tenglamani hosil gilish mumkin. Misolning shartiga ko‘ra, mos ravishda (3;27) va
(27;3) yechimlarni hosil gilish mumkin

3. Quyidagi sistemani yeching:

{ylogsx = 64,
xy = 500.

Yechish. Shartga ko‘ra: x > 0, x # 1vay > 0.
Har ikkala tenglamani 2 asosga ko‘ra logarifmlab:

{ logs xlog, y = 6,
log, x +log,y =2+ 3log, 5.

Bundan:
1 + 6 _ 2+ 31 5
082X logs x = 082
yoki
log, x + 60825 — 243 log, 5 (%)

log, x -
tenglamani hosil gilish mumkin.

Yangilog, x = zvalog, 5 = a, z vaao‘zgaruvchilar yordamida (*) tenglamadan
zZ+ 67‘1 = 2+ 3a yoki z% — z(2 + 3a) + 6a = 0 tenglamani hosil gilish mumkin va

bu kvadrat tenglamaning ildizlari:

2+3a+/(Q2+3a0)2—24a 2+3a+(2-3a)
2 B 2

212 =
bo‘ladi.
Agar z; = 2 bo‘lsa, log, x; =2vax; =4 hamday = 50TOteninkdan y; = 125.
Agar z, = 3a bo‘lsa, log, x, = 3log, 5vax, =125,y = 50TOtenIikdan Yy, =

3.5. Quyidagi sistemani yeching:
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2log, x* +logg, y3 = —1,
2log, x* —logg,y = 5.

Yechish. Tenglamalar sistemasining aniglanish sohasi x #1 va y > 0.

4logylx| + 3logy, ¥y = —1,

8log,|x| —logo,y =5 () Porlibs ()

Logarifmlash qoidalariga ko‘ra: {

tenglamalar sistemasining yechimi log,|x| = % va log,, ¥y = —1 bo‘lib bundan x; =

2,y; =5vax, =—2,y, =5 lar berilgan tenglamalar sistemasining yechimi bo‘ladi.
3.6. Quyidagi tenglama b va ¢ ning ganday giymatlarida yechimga ega bo‘ladi

a®* + a?Y = 2b,
a*ty = ¢,

a > 0.
Yechish. a* =u,a” = v almashtirishlar yordamida quyidagi tenglamalar

sistemasi hosil bo‘ladi

{uz + v? = 2p,
uv = c.

u va Vv fagat musbat giymatlar gabul gilishligini hisobga olgan holda quyidagi
tengliklarni hosil gilamiz:
(u+v)2=2(b+c),(u—v)*=2(0b-0c).
Birinchi tenglamadan:
u+v=,20b+0c). ()
Ikkinchi tenglamada b> c tengsizlik bajarilishini hisobga olib:
u—v==2(0b-c) (%)
tenglikni hosil gilish mumkin.
b> c bo‘lganda (x) va (xx) tengliklardan berilgan sistema yechimlarini topish

mumkin:

Uy 5 =g(\/b +c+Vb —c),xm = log, (g@/b +c+Vb —c)).

V2 _ V2 _
Vi = 7(\/b +cFVb— c),yLz = log, (7(\/b +cFVb - c)).
3.7. Quyidagi sistemani yeching:
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{xlogsy + ylogsx = 4,
log,x —log,y = 1.

Yechish. Logarifmning xossalariga ko‘ra: x'°89Y = y1°8¢ % tenglikdan sistemaning
birinchi tenglamasini

x1089Y 4 yl08g* = 4 x1989Y = 2 yoki log, x -log, y = 3 ko‘rinishida yozish
mumekin.

Sistemaning ikkinchi tenglamasi log, x — log, y = 2 tenglamaga teng kuchli

log, x -log, y =3,

log, x — log,y = 2 tenglamalar sistemasiga

bo‘lib, berilgan tenglamalar sistemasi {

teng kuchli bo‘ladi va undan log, x =3, log, y = 1 va
log, x = —1,log, y = —3.

Shunday qilib, berilgan tenglamalar sistemasining yechimlari x; =8, y; = 2 va

1

X, = .
2 8

1
> Y2
3.8. Quyidagi sistemani yeching:

4x+ty=1 4 3.42y"1 < 2,
{ x+3y=>2-—log,3.

Yechish. Koshi (2) tengsizligiga ko‘ra tengsizlikning chap qismi uchun

quyidagilarni yozish mumkin:

4XFY1 4 3.42Y71 > 2/4x+y=1.3. 42y-1 = /3 - 4X+3y-2 >

2V3 - 42-logs3-2 = 2,
Demak,

4x+y-1 — 3.42y-1
{x+3y=2—log43 (+)
sistema birinchi tenglamaning ikkala tomonini 4 asosga ko‘ra logarifmlab: (x)
sistemaning ikkinchi tenglamasidan x + 3(x —log,3) =2 —log,3, 4x =2+
2log, 3 yoki
X, = %+ %10g4 3 =log,(2V3).

y = x — log, 3 tenglikdan esa y; = % o %log4 3= log4\/2—§ bo‘ladi.

Mustaqil yechish uchun misollar
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L {1082(x+J’) logg(x—y) =1, G;Y):
x?—y2=2 227"
x® = yPb,
2.<1o X _ logcx X:Ca(fia)'y:cbf;a
1) 798¢y T gy ’
a#b,ab # 0.

3 {logs x + 318V =7
' x¥ =512,

{ yxlogyx = xs/Z,
log, ylog,(y —3x) = 1.

' (125:4) ,(625;3)
(4,16);

a*b” = ab, _
5 12log, x = 10g1/ ylog gz b. (logg b;logy a), (1; 1);

6. {loglzx =t log, y) log, x, (6:2).(2:6)
log, x logg(x +7vy) = 3logsz x.

7. {*IoR YR, 1 YO =082, 3y oy

log,s 2logzx = 1.

log3y+loggz+log9x—2,( — )

log, x +log,y +log,z = 2,
8 2 27 32
log, z +log6x + logy = 2.

logos(y —x) + 1082 -2, 7 1
9 { (_\/_515)1(314)

x2 +y = 25.
XX = y*7Y, 1
0.9 x?y=1 (L5 V9)
x>09>0.
XXty = yn’
11.{  yx+y = x2nyn - (
x>0,y>0n>0.
1 Bx+y)*™™ =9,
| TV/324 = 18x% + 12xy + 2y2.

\/871;- -1 (\/871 -1)? ) (1 1)

,Ci=D(—7-9)
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Z.0CHILOYV, S. UMAROV

KO‘RSATKICHLI, LOGARIFMIK TENGLAMALAR VA
TENGSIZLIKLARNI O‘RGANISH USULLARI

Terishga berildi:
Bosishga ruxsat etildi:
Ofset bosma gog ozi. Qog 0z bichimi 60x80 1/16
«Times» garniturasi. Ofset bosma usuli
1,75 bosma taboq
Adadi: 25 nusxa
Buyurtma Ne

Samargand viloyati pedagoglarni yangi metodikalarga o‘rgatish milliy markazi
bosmaxonasida chop etildi.

Samargand shahar, Boysunqur ko'chasi 3-uy.
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